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1. Introduction and summary 



Unravelling the integrable properties of the AdSs x string sigma model |I| and 
of the dual gauge theory 0, ^ allowed for the remarkable progress in understanding 
the spectra and interrelation of these theories. Most importantly, determination of 
the spectrum in the large volume (charge) limit was shown to rely on the knowledge 
of the S-matrix describing the scattering of world-sheet excitations, or, alternatively, 
excitations of a certain spin chain in the dual gauge theory H, ^j. 

It turned out that the form of the S-matrix is severely restricted by the require- 
ment of invariance under the global symmetries of the model. It was argued in 
and explicitly derived in 0, that the relevant symmetry algebra of the gauge- fixed 
off-shell string sigma model in the infinite volume limit is the centrally extended 
psu(2|2) © p5u(2|2) superalgebra. Requiring the S-matrix to be invariant under this 
symmetry algebra fixes its form essentially uniquely up to an overall phase [|, |]. 
Constraints on this phase were established in |^ by demanding the S-matrix to sat- 
isfy the crossing relation, the common property of S-matrices in relativistic field 
theories. A physically relevant solution of the crossing relation, which successfully 



reproduces the known string theory data was conjectured in |10|, building on the 



previous work |TT|-|jT^. Remarkably, the same solution for the crossing-symmetric 



phase was shown to arise from perturbative gauge theory |T5|. A number of fur- 
ther important verifications has been made [|T6|-|19[, ^ which supports the picture of 
the interpolating crossing-symmetric S-matrix from weak (gauge theory) to strong 
(string theory) coupling. 

Bearing in mind all these highly exciting developments, a further question to 
ask is what is a proper characterization of elementary world-sheet excitations whose 
scattering is governed by the crossing-symmetric S-matrix? In other words, we would 
like to understand the structure of the Hilbert space of string theory arising in the 
infinite volume (charge) limit. 

Although the gauge-fixed string theory we are interested in does not possess 
relativistic invariance on the world-sheet, it is useful to invoke an analogy with two- 
dimensional massive integrable models. The basic feature of these models is the 
existence of infinite number of commuting conservation laws which lead to the fac- 
torized scattering preserving both a number of particles and the set of their on-shell 



momenta |2^. The space of local operators is specified by the two-body S-matrix, and 



the Hilbert space of asymptotic states forms a representation of the Zamolodchikov- 



Faddeev (ZF) algebra [^, In particular, the asymptotic states diagonalize the 



local conservation laws. Thus, the ZF algebra provides an indispensable framework 



^It is still unclear if the proposal of jl5| correctly describes bound states present in string and 



gauge theories at large values of the 't Hooft coupling constant A |20 . Then the resulting Bethe 



ansatz is supposed to be asymptotic and might not capture finite size corrections [Ell E2l G3l p4[ 
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for treating massive integrable models. It also allows |27], through the bosonization 



procedure, the computation of the corresponding form-factors p8 



In this paper we discuss the ZF algebra for the superstring sigma-model on 
AdSs X S^. In the string theory context the ZF algebra represents a natural gen- 
eralisation of the free field oscillators which describe elementary excitations in the 



plane-wave limit |^ of the world-sheet theory. As interactions are switched on in- 
tegrability ensures that the Fock structure of the Hilbert space is preserved. The 
effect of interactions is then taken into account by deforming the algebra of creation 
and annihilation operators with the help of a non-trivial scattering matrix. Thus, 
in momentum space the ZF algebra is generated by the operators A[p) and A^{p) 
satisfying the following relations 

A1A2 = 512^2^1 , aIaI = aIaIsu , AiaI = ^^521^1 + S12 , 

where 1S12 is the two-body S-matrix of the model and 612 is the delta- function de- 
pending on the difference of momenta of scattering particles. 

We thus see that the construction of the ZF algebra relies on the knowledge 
of the two-body S-matrix. Moreover, the consistency of the ZF algebra relations 
implies that the S-matrix should obey the Yang-Baxter (YB) equation. In this 
paper we show that such an S-matrix consistent with the symmetries of the gauged- 
fixed string model does exist and we find its explicit form. This canonical 5u(2|2)^ 
invariant S-matrix exhibits the following properties 

• it obeys the standard Yang-Baxter equation 

<S23<Sl3Si2 = S12S13S23 

• it obeys the unitarity condition 

512(^1,^2)521(^2,^1) = I 

• it obeys physical unitarity condition which is sometimes referred to as "hermi- 
tian analyticity" 

5ll(P2,Pl) = Si2{pi,P2) 

• it obeys the requirement of crossing symmetry 

'^r'5l^(Pl,P2)'^l5i2(-pi,P2)=I, 

where ^ is the charge conjugation matrix. 
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We will show that all these requirements on the S-matrix naturally follow from the 
consistency conditions of the ZF algebra. In particular, the requirement of crossing 
symmetry reflects the compatibility of the factorized scattering with the Z4-graded 
structure of the superalgebra psu(2|2) and it results into a non-trivial equation on 
the overall phase of the S-matrix which is the same equation as derived in |p. 

The S-matrix we consider depends on the string tension. We then show that 
expanding S in the large tension limit we recover the near plane- wave S-matrix which 
was recently obtained from the gauge- fixed string sigma-model in . Moreover, we 



show that in accordance with |T^, the overall phase of S is capable to incorporate 



the various gauge choices compatible with the symmetries of the string model. 

We find it pretty remarkable that the sigma-model describing AdSs x S^ super- 
string admits the S-matrix which shares most of the usual properties of S-matrices 
arising in relativistic two-dimensional massive integrable models. The point is that 
in the dual gauge theory the spin chain which describes the local composite gauge- 
invariant operators is dynamic because the scattering process requires fluctuations 
of the length |]^, Consequently, one would expect that the corresponding S- 



matrix would not obey the usual Yang-Baxter equation but rather a new dynamic, 
or "twisted" Yang-Baxter equation. Indeed, some examples of integrable systems 
are known which are naturally described in terms of a dynamic S-matrix satisfying 
a twisted version of the Yang-Baxter equation, see e.g. . 



We have to bear in mind, however, that the form of the S-matrix and, conse- 
quently, its properties, do depend on the choice of the scattering basis. Performing 
"gauge" transformations on the two-particle scattering basis we transform the S- 
matrix as well. Note that in general we should allow for transformations of the 
two-particle scattering basis, which from the point of view of one-particle states, 
look mutually non-local. These transformations might significantly modify the prop- 
erties of the S-matrix without changing the actual physical content. In particular, 
there could exist a preferable basis in the space of two-particle states in which the 
S-matrix exhibits the standard properties. In fact, it is precisely the basis provided 
by string theory in which we find S{pi,p2) with the nice properties listed above. 

Our construction of the su(2|2)-invariant S-matrix is the conventional field- 
theoretic one. We start with the discussion of the usual ZF algebra and show that 
invariance of the ZF relations acting on the vacuum state under the action of the 
su(2|2) symmetry algebra^ translates into a certain invariance condition for the S- 
matrix which is essentially the same as in It is worthwile to note that due to the 
non-linear nature of the dynamical supersymmetry generators these generators 



^ Since the symmetry algebra of the gauge- fixed string Hamiltonian is a sum of two copies of 
p5u(2|2) it is sufficed to discuss only one. Whenever it is impossible to treat the "chiral sectors" 
separately we will make a comment. 
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have a non-trivial braiding relations with the ZF operators. The braiding factors 
involve the operator of the world-sheet momentum P = / dp p A\{p)A'^{p) which also 
plays the role of the central charge for the symmetry algebra in question. Such a 
realization of non-linear symmetries is well known in the theory of integrable sys- 



tems p3| and it has been recently emphasized in the context of the AdS5 x S string 



sigma-model in 



In a generic two-particle basis the S-matrix, S12 = S{pi,p2), found from the 
su(2|2)-invariance condition satisfies the twisted Yang-Baxter equation whose form 
depends of the twist matrix F: 

F23iPl)S23F23^{Pl)Si3Fi2ip3)Si2F{2^{p3) = Si2Fr3ip2) Si3F{~^^ {P2) S23 ■ 

We find that this condition can be naturally interpreted as the consistency condition 
for the twisted ZF algebra based on the operator S-matrix 5'i2: 

Si2 = Fi2{P)Si2F{2\P)- 

We show, however, that there is a very special basis such that bosonic and fermionic 
ZF operators are transformed by supersymmetry generators in the same fashion, i.e. 
it is the basis which preserves a symmetry between two su(2)-factors of su(2|2). We 
refer to this basis as to the "string" one because in this basis the action of the sym- 
metry generators is the same as implied by the gauge- fixed string sigma-model [0]. 
We find that in the string basis the S-matrix coincides with S{pi,p2), and, as was 
discussed above, satisfies the usual YB equation. We then show that the transfor- 
mation of the ZF basis to a generic one involves the momentum operator P, and as 
a result twists the ZF algebra and the corresponding YB equation. Finally, we also 
find a relation of S{pi,p2) to the one obtained in |]^, |^. 

Thus, we show that AdSs x S^ string sigma-model can be naturally embedded 
in the general framework of massive integrable systems. Of course, the S-matrix we 
find has also properties which are different from those in the relativistic integrable 
QFTs. In particular, it does not depend on the difference of rapidities of scattering 
particles which reflects a non-relativistic nature of our model. Then the crossing 
symmetry relation implies that S{pi,p2) cannot be a meromorphic function of the 
particle momenta []TU|, |T^]. 

Concluding this section we note several open questions. First, it would be inter- 
esting to work out the details of the nested Bethe ansatz based on S{pi,p2). Second, 
it is desirable to construct realization of the symmetry generators of su(2|2) via the 
oscillators of the ZF algebra. This would allow one to put the ZF algebra in the 
corner of the axiomatic construction. Since the S-matrix we found obeys most of the 
standard properties of the S-matrices in massive relativistic integrable systems it is 
tempting to use the ideas of the thermodynamic Bethe ansatz M^ to describe the 
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finite size effects. Finally, it would be interesting to understand the relation of our 
approach to those of ^^-|3§ . 



2. S-matrix and symmetries 
2.1 S-matrix 

In scattering theory, the S-matrix is a unitary operator, which we denote S, mapping 
free particle out-states to free particle in-states in the Heisenberg picture. In Dirac 
notation, we define |0) as the vacuum quantum state. If Al{p) is a creation operator, 
its hermitian conjugate is the vacuum annihilation operator: 

A\p)\0)=0. 

To describe the scattering process we introduce the m-basis and the o-ut-basis as 
follows 

\Pl,P2, ■ ■ ■ ,Pn)S.,,„ = ■ ■ ■4„(Pn)|0) , Pl> P2> ■■■ > Pn, 

\PUP2, ■■■ , Pn)\Z^li„ = 4„ (Pn) ■ ■ ■ 4i (Pl) |0) , Pl> P2> ■■■ > Pn- 

Then in the scattering process the in state goes to the out state 

bl. ■■■,Pn)t";!.,i„ ^ bl, •••,Pn)»W„ • 

Both states belong to the same Hilbert space and we can expand initial states on a 
basis of final states. In particular, the two-particle in and out states are related as 
follows: 

\Pl,P2)if = S • bl>P2)!7*^ = S^^{pi,P2)\pi,P2)kJ^^ , 

or by using the explicit basis we can write 

Al{pM]iP2m = S ■ A]{p,)Al{p,)\0) = S^;{p„p,)AKP2)Ai{p,m . (2.1) 

The usual ZF algebra then follows just by dropping |0) on both sides of the equation 

4{PM]{P2) = Al{p,)AliPi)SS{puP2) . (2.2) 

It is clear from this form of the algebra that in the absence of interaction it should 
be equal to the graded unit matrix, that is to the diagonal matrix with ±1 depend- 
ing on the statistics of the corresponding creation operator. In addition, in most of 
the two-dimensional integrable models the S-matrix is equal to the minus (usual!) 
permutation matrix for pi = P2, because a two-particle state describes two soli- 
tons moving with momenta pi and p2, and there is no two-soliton state with equal 
momenta. 
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Then, the consistency condition for the ZF algebra leads to the YB equation 



'S'23'S'l3<S'i2 — <S'i2>S'i35'23 , (2-3) 

where we have used the standard tensor notations, see Appendix 

It is clear, however, that it is not the most general form of the ZF algebra, for 
example a tensor operator U leaving the vacuum invariant could appear on the rhs 
of eq.Q 

4ipM]{P2) = s'^i{p^,P2)Ai{pMi{Pi)u:i'r , ^!no) = ^r^^^r^no) . (2.4) 

The appearance of the operator U modifies the consistency condition and the YB 
equation leading to the "twisted" ZF algebra and YB equation. We will see that this 
kind of modification occurs for strings in AdSs x if one uses in the ZF algebra ( |2.4| ) 
the 5u(2|2)^ spin chain S-matrix found in On the other hand, the operator U can 
also appear because of an inconvenient choice of the basis of the creation/annihilation 
operators in the ZF algebra. In that case, one can find a proper basis and untwist the 
twisted ZF algebra. We will see that this is what happens for strings in AdSs x S^, 
and find the right and very natural from string theory point of view basis of the 
ZF algebra, and the canonical 5u(2|2)^ invariant S-matrix satisfying the usual YB 
equation. 

2.2 Symmetries 

Let us assume that the Hamiltonian commutes with a set of symmetry algebra gen- 
erators J** which are operators acting in the Hilbert space of states. Then the Hilbert 
space of states carries a linear representation of the symmetry algebra. This implies 
in particular that for generators preserving the number of particles 

J--|0) = 0, (2.5) 

r ■ 4{pm = riip)A]ip)\o) , 

r ■ Al{p,)A]iP2m = Jt'(Pi,P2)4(pi)4(P2)|o) . 

Let us stress that the two-particle state Al{pi)A'j{p2)\0) cannot in general be identi- 
fied with yl.|(pi)|0) (8) A^j{p2)\0) equipped with the standard action of the symmetry 
generators because in that case the representation constants would satisfy 

^t(pi>P2) = Jl(pi)55 + 5fj^;(P2). 

The invariance condition for the S-matrix can be derived multiplying (|2.1|) by J** 

■ Al{p,)A]{p2m = 5g(pi,P2) ■ 4(P2)4(Pi)|0) . (2.6) 

Computing the Ihs and rhs of this equality, we see that the S-matrix must satisfy the 
following invariance condition 

SriPuP2)r-KpuP2) = r?riP2,Pl)Sfl{puP2) . (2.7) 
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If we combine the symmetry generator structure constants in a matrix 

JUV1.V2) ^ rfM,P2)El ® El , (2.8) 

where i?^ are the standard matrix unities, c.f. appendix 8.1, then the invariance 
condition can be written as 

Sl2{,Pl,P2)Jl2{.Pl,P2) = J2liP2,Pl)Sl2iPl,P2) ■ (2.9) 

Note that the condition reduces to the famihar one 

[r + r,Si2] = o, (2.10) 

only if J°-{p) = J^'i{p)El is independent of p. 

The form of Ji2{pi,P2) depends on the symmetry algebra of a particular model. 
If the symmetry algebra is equipped with the structure of a bi-algebra, then the two- 
particle representation is given by the bi-algebra coproduct. If the symmetry algebra 
has a center then multi-particle representations are characterized by the values of the 
central elements, and a two-particle state may be considered as the tensor product of 
two one-particle states with in general different values of the central elements. Then, 
if a symmetry algebra is a Lie algebra, a two-particle representation is given by the 
standard coproduct, and the structure constants have the following form 

j''-iiPuP2) = j'^Kpu ci)si + (-i)^«^(^)5f j^;.(p2; C2) , (2.11) 

where q denote sets of central charges which characterize the "one-particle" represen- 
tations, and e{i) = if A- is boson, and e{i) = 1 if A- is fermion, and the same holds 
for e(a). The structure constants J^^ip) in (|2.5| ) of one-particle states correspond to 
definite values of the central charges, say, Cj = 0. Since a two-particle state represents 
two asymptotic noninteracting particles, the central charges q may depend only on 
the coupling constants and the values of the momenta pi of the particles. 

Two-particle structure constants of the form ( |2.11|) which depend only on mo- 
menta of the particles can be derived by assuming the following commutation rela- 
tions of the symmetry algebra generators with the creation operators 

Here P is the conserved world-sheet momentum of the model obeying the following 
simple commutation relation 

VA\{p) = A\{p) (P+p) , 

and the braiding operators 6^7*(p;P) and 9^™(p;P) should satisfy the following 
conditions 

0br(p)io) = wio), 

^^jL(Pi)4(Pi)er(Pi;P)Aj(p2)|0) = Jt(Pi;ci)4(pi)At(p2)|0), 

^L(Pl)0r(Pi;P)J^4(P2)|O) = J%^(p2;C2)4(Pl)4(P2)|0) . 
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The last two conditions are equivalent to 



It is clear that the braiding operators should also satisfy the consistency conditions 
that follow from the fact that the symmetry operators form an algebra. In what 
follows we restrict our attention to the following choice of ( p.l2| ) which is compatible 
with the ZF algebra we will discuss in next sections 

J^4(p) = J''tip)Al{p)eiTiP) + , (2.13) 

where the only braiding operator B^™'(P) depends only on the world-sheet momen- 
tum operator P, and is equal to 6^6^" if J** is bosonic. 
Another simple choice of ( |2.12| ) is as follows 

J'^AKp) = J-Up)AI{p) + {-l)<'><-^Al{p)QlTiP; P) J' • (2.14) 

In general, the corresponding (twisted) ZF algebra would not have the simplest form, 
and we will not be discussing this choice in detail. 



3. The centrally extended su(2|2) and its representations 

The off-shell symmetry algebra of the light-cone AdSs x superstring was recently 
discussed in detail in where it was shown that it consists of two copies of the 
centrally extended su(2|2) algebra, both copies sharing the same central element 
which corresponds to the world-sheet light-cone Hamiltonian. To describe the ZF 
algebra we need to recall the structure of representations of the centrally extended 
su(2|2) algebra. In our discussion we closely follow the one in [Q. 

3.1 Centrally extended su(2|2) algebra 

The centrally extended su(2|2) algebra which we will denote su{2\2)h,c, consists 
of the rotation generators Lj' , R^^ of the su(2) © su(2) bosonic subalgebra, the 
supersymmetry generators Qa", Qjj" and three central elements H, C and 

[u^ j^] = -s:j' + ^6ir , [R/, j^] = + ^5^j^ , 

{Q.^ Q/} = 6.^36°" C , {Qi", Ql^} = e,,6"^ Ct . (3.1) 

Here in the first two lines we indicate how the indices c and 7 of any Lie algebra 
generator transform under the action of the bosonic subalgebras generated by hj' 
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and Ha^. The supersymmetry generators Q^*^ and Qj", and the central elements C 
and are hermitian conjugate to each other: (Qa")^ = Ql""- The central element 
H is hermitian and is identified with the world-sheet light-cone Hamiltonian. It 
was shown in that the central element C is expressed through the world-sheet 
momentum P as follows 

C = {e^^ - l)e'^^ , g = ^. (3.2) 

The phase ^ is an arbitrary function of the central elements, and refiects the obvious 
U(l) automorphism of the algebra (|3.1| ): Q — ^> e*^Q , C — > e^*^C. The phase ^ 



can be fixed to be by choosing a proper form of the supersymmetry generators. 
This is the choice we use throughout the paper. This simplifies the comparison 
with the explicit string theory computation of the S-matrix performed in I^O]. It is 
worth mentioning, however, that to have the interpretation of a multi-particle state 
as the tensor product of fundamental representations, it is necessary to consider 
fundamental representations with arbitrary phases ^, see the next section. 

3.2 Fundamental representation 

The fundamental representation of su{2\2)h^c is four-dimensional. We denote the cor- 
responding vector space as V{p, Q, and the basis vectors as \eM{p, C)) = where 
the index M = {a, a}, and a = 1,2 are bosonic indices and a = 3,4 are fermionic 
ones. The parameters p and C are, for non-unitary representations, arbitrary com- 
plex numbers which parameterize the values (charges) of the central elements on this 
representation: HIcm) = H\eM) , CIcm) = CIcm) , C'^\<^m) = C\eM)- The canonical 
fundamental representation of bosonic generators is 

L.^lee) = MLlf = 5l\ea) - ^5^|e,) , R/|e,) = |eM)i?^f = 5^^\e^) - ^5^Je,) , 

and the most general fundamental representation of supersymmetry generators is of 
the form 

Qlle;,) = MQ:^' = d6"p\ea) , Qlle,) = MQ:'' = ce^.e^^le^^) • (3.3) 

Here a, b, c, d are complex numbers parametrizing the representation, and , Q"^^^ 
and so on are the representation structure constants, and the corresponding matrices 
and so on which appear in the invariance condition ( p.7|) for the S-matrix are 
constructed by using the matrix units defined in Appendix ^A\ . Q'^ = Q^n^m — 

QaM b I r)aM P 
^ab ^ ^^M" 

The central charges of this representation are expressed through the parameters 
a, 6, c, d as follows 

H = ad + bc, C = ab, C = cd , (3.4) 
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and the consistency condition 



ad — be = 1 (3.5) 

has to be imposed to obtain a representation of the centrally extended su(2|2). 

For generic values of the parameters a, b, c, d the representation is non-unitary. 
To get a unitary representation one should impose the conditions d = a,c = b. 

The parameters a, b, c, d depend on the string sigma model coupling constant 
g, and the world-sheet momenta p. To express this dependence it is convenient to 
introduce new parameters g, x"*", x~ XiV as follows [Q^ 

a = V-9V, ^ = v^f(^-l)' '=-^^^ ^ = v^T^ - fr) • 
The parameters satisfy the constraint 

x'^ H — — — x~ = - , (3.7) 

x+ x~ g 

which follows from ad — be = 1, and are related to the momentum p as 

— = e'P. (3.8) 
x~ 



The values of the central charges can be found by using ( p. 41) 

i/ = 1 + ^ - ^ = 2igx- - 2igx+ - 1 , = 1 + 16/ sin^ ^ , (3.9) 

x+ x^ 2 

C ^ ,,C (^^ - l) ^ «C {e- - 1) , C ^ I - l) ^ I (e~" - 1) . (3.10) 



Comparing the expressions with the formula ( |3.2| ) derived in string theory we 
see that the parameter ( should be identified with e^*^, and p with the value of the 
world-sheet momentum P on this representation. 

The fundamental representation is completely determined by the parameters 
g, x^ ,x~ , The parameter r] just reflects a freedom in the choice of the basis vectors 
I Cm)- For a non-unitary fundamental representation it can be set to 1 by rescaling 
{cm) properly. From the string theory point of view it is not a natural choice of 
the basis because the supersymmetry generators act in a different way on bosons 
and fermions, and the explicit form of the generators found in |^ shows that the 
action should be similar. The string theory symmetric choice corresponds to taking 



^The parameter in S should be rescaled as C — > —iC to match our definition. 
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3.3 Unitary representation 

In string theory we are interested in unitary representations. A fundamental unitary 
representation is singled out by the conditions c = b,d = a, and p is real, and is 
given by choosing the parameters r] and C to be 

( = e2^« , r] = Vix- - ix+e'^^+'^^ (3.11) 

where (p and ^ are real parameters. Then the parameters a, b of the unitary repre- 
sentation are 



a = Mix- - ix+e'^^+^^ = x/qv , b = -Jg^ ^g'^^"^) , (3.12) 

x~ 

and the central charges are given by 



H{p) = ^1 + lQgHm\-p) , C{p.X) = ige^He'^ - 1) . (3.13) 

The phase of the parameter rj has been chosen so that (/? = would correspond to 
the symmetric string theory choice we have discussed above. We will see in next 
sections that the S-matrix corresponding to the symmetric choice satisfies the usual 
YB equation, and its near-plane-wave expansion completely agrees with the leading- 
order string S-matrix computed in |3^. With this choice the ZF algebra for strings 
in AdSs x takes the usual form too. 

On the other hand, if one makes the spin chain choice = 0] then the 
corresponding spin chain S-matrix satisfies the twisted YB equation, and the ZF 
algebra has a more complicated structure which involves a twist operator depending 
on the world-sheet momentum P. 



4. The 5u(2|2)-invariant S-matrix 

Since the manifest symmetry algebra of the light-cone string theory on AdSs x S^ con- 
sists of two copies of the centrally-extended su(2|2), the creation operators y4j^^^-^(p) 
carry two indices M and M, where the dotted index is for the second su(2|2). The 
n-particle states are obtained by acting by the creation operators on the vacuum 

For the purpose of this section we can think of ylj^^^^(p) as being a product of two 
creation operators ^j^^{p) = ^m(p) ^ ^m^p) ^'^'^ restrict our attention to the states 
created by Aj^^J(p). 
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4.1 Two-particle states and the S-matrix 

It is clear that a one-particle state \A\j{p)) is identified with the basis vector {cm) 
of the fundamental representation V{p, 1) of 5u{2\2) h c- Let us stress that we have 
to set the parameter C to 1, because we use the canonical form of the central charge 
C with f = 

C = zf7(e^P-l), C\Alip)) = tg [e^P - mlip)) . (4.2) 

We also set = which for one-particle states describes both the string theory 
choice = 0, and the spin chain choice Lp = — ^. 

Then the two-particle states created by A\.j{p) should be identified with the 
tensor product of fundamental representations of su{2\2)h c 

l4f,(Pl)4/,(P2)) ~X^(pi,Cl)®V^(P2,C2), (4.3) 

equipped with the canonical action of the symmetry generators in the tensor product. 
An important observation is that the parameters Cfc cannot be equal to 1 0. The 
reason for that is very simple. Computing the central charge C on the two-particle 
state, we get 

C|<,(pi)<,(P2)) = z^?(e^(^^+^^) - mUpMiM)) ' (4-4) 

because PA\j{p) = A\^{p){P + p). On the other hand the value of the central charge 
on the tensor product of fundamental representations is just equal to the sum of their 
charges 

C V{p^, Ci) ® V{p2, C2) = tg iCiie''^ - 1) + C2{e''' - 1)) ^(Pi, Ci) ® V{p2, C2) • (4.5) 
Thus, we must have the following identity 

and it cannot be satisfied if both d and C2 are equal to 1. In fact, it is easy to show 
that there are only two solutions to this equation for (k lying on the unit circle 

{Ci = e''' , C2 = 1} , or {Ci = 1 , C2 = . (4.7) 

Both choices can be used to identify a two-particle state with the tensor product. It 
is readily seen that the first choice corresponds to the following rearrangement of the 
commutation relation of the central charge C with A\,^{p) 

C Alip) = Cip)Alip) + Alip) C , (4.8) 

which is exactly of the form ( |2.13| ). The second choice, on the other hand, corresponds 
to another rearrangement of the commutation relation 

C AUp) = C{p)Al{p) + e^^Alip) C , (4.9) 
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which is of the form ( 2.14 ). 

In general there is no restriction on the choice of the parameters (fi (or r]i) of the 
fundamental representations appearing in ( |4.3| ). However, in what follows we will be 
interested in the string theory choice 9? = 0, and in the spin chain choice Lp = 
Both choices describe equivalent physical theories, but the string theory choice leads 
to the S-matrix satisfying the usual YB equation, and as a result to the conventional 
ZF algebra. 

Thus, making the first choice in ( [4. 71) , we see that the invariance condition (|2.9| ) 
for the su(2|2) S-matrix takes the following form for bosonic generators and 

S12{P1,P2){J®I + 1® J) = {J0I + I0J)S12{P1,P2), (4.10) 

and for fermionic generators and 

Si2{pi,P2) {J{pi; e'P\ipi) ® I + S ® J{p2; 1, ip2)) = 

{J{pi- 1, (^1) ® S + I ® J(p2; e'^\(p2))Si2{pi,P2) , (4.11) 

where J{p\ (, Lp) denote the structure constants matrices of the fundamental represen- 
tation parametrized by p, ^ = e^*^ and v?, see (|3.3|) and (|3.6|) , and S is the diagonal 
matrix which takes care of the negative sign for fermions 

E = diag(l, 1,-1,-1). (4.12) 

These are the conditions that should be used to find the S-matrix. For the string 
symmetric choice leading to the canonical S-matrix satisfying the YB equation we 
choose 

String theory basis : y^i = v^2 = = = , (4-13) 
and for the spin chain choice we have 

Spin chain basis: (/92 = ^^i = , Lpi = - y , (p2 = - y . (4-14) 

The form of the structure constants matrices J{p] (, ip) allows us to determine 
the commutation relations ( |2.13| ) of the symmetry operators with the creation and 



annihilation operators. It is convenient to use the matrix notations, i.e. to combine 
A^f^ and Am into a row and column, respectively, and the symmetry algebra structure 
constants into matrices L^, R^, Q'^ and Q", see (^.31). Then, for the string theory 
choice of the basis ipi = 0, the relations ( ^.13] ) for the centrally-extended algebra 
su(2|2) can be written in the following simple form 

String theory basis: La''A\p) = A^{p) L^^ + A\p) , (4.15) 

B.jA\p)=A\p)Ri + A\p)Kj, 
Q„Mt(p) = A\p) Ql{p) + A\p) S Q^'^ , 
Qt-At(p) = A\p) g:(p) e-^P/^ + A\p) S Qt- , 
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where L\, R^, Q'^ and are the symmetry algebra structure constants matrices of 
the one-particle representation with ^ = = 0. Thus, for the string theory basis the 
braiding factors in ( |2.13[ ) are just scalar operators e^*^/^. 

In the case of the spin chain choice of the basis (^4.14 ), the relations (|2.13|) take 
the following more complicated form 

Spin chain basis : l.J'A^ (p) = (p) + A^ (p) , (4. 16) 

RjA\p)=A\p) R^^ + A\p) Rj, 
Q„Mt(p) = A^ip) Ql{p) e(P) + A\p) S Q„'^ , 
Qt"At(p) = A\p) Q:{p) e(P) + A\p) S Qt" , 

where the braiding factors 0(P) and 0(P) are the diagonal matrices 

e(P) = diag(l, 1, e^P, e^P) , e(P) = e-'''e{P) . (4.17) 

It is not difficult to check that the commutation relations (|4.16|) follow from ( [1.15| ) 
after the following change of the creation/annihilation operators 

A^{p) ^ A^{p) U{P) , A{p) ^ U^{P)A{p) , (4.18) 

where 

[/(P) = diag(e^P,e^^,l,l) . (4.19) 

Let us stress that the transformation ( [4. 181) is not unitary because as we will see 
soon it changes the commutation relation of the creation and annihilation operators, 
and, therefore, the form of the ZF algebra. 

It is worthwhile to notice that the form of the two-particle structure constants 
matrices appearing in the invariance condition (|4.11|) allows us to reformulate the 



problem by using the Hopf algebra language similar to the considerations in |^ 
appendix (p.4|) for detail. 



see 



It is also interesting to mention that the (anti)-commutation relations ( [4.15| ) 
(and (|4.16|) ) of the symmetry algebra generators with the creation and annihilation 
operators are written in the usual (anti)-commutator form. The only difference with 
the standard relations is in the appearance of the operator e^*^/^ on the r.h.s. of the 
relations (^4.15|) . It is easy to see that one can get rid of the dependence on e^'^/^ in 
these relations by redefining the supersymmetry generators Qq" and Q^" as follows 

Then the relations ( [4.15| ) for the redefined supersymmetry charges take the form of 
the braided (anti)-commutators 

Q,Mt(p) - e-^P/^At(p) S Q,'' = A^p) Ql{p) e'^^/^ ^^ ^l) 

Qt-At(p) - e^Pl^A^p) S Qt- = A\p) Q^p) e^^'^ . 
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It is the form one usually discusses considering models with nonlocal charges [32 
The redefinition ( [4.20|) changes the P-dependence of the central charge C: 



C^ig (e*^ - l)e-*^ = ig {I - e"*^) , (4.22) 

but it does not change the form of the S-matrix if one keeps the track of the additional 
phases. We will not be using this form of the commutation relations in this paper. 

Finally, let us note that, if we think of vectors from V{p; C) as columns then, as 
can be seen from the formula ( |4.11| ), the S'-matrix can be considered as the map 



Si2iPi,P2) ■■ Vip^, e'^') ® Vip2, 1) ^ Vip^, 1) ® Vfe, , (4-23) 

and if we think of vectors from V{p] () as rows then the S'-matrix can be considered 
as the opposite map 

Si2{pi,P2) ■■ V{p^, 1) ® V{p2, e'n ^ V{p^, e^^^) ® V{p2, 1) . (4.24) 

From this point of view the action of the S-matrix corresponds to exchanging the two 
possible choices of the parameters Cfc of the two representations. Let us stress how- 
ever, that no matter what interpretation we use, 5*12(^1,^2) is a 16 x 16 matrix acting 
in the 16- dimensional vector space of the two-particle states |y4j^^^(p2)^M^(pi)), and 
as we discussed in section 2, if pi = p2 the S-matrix reduces to the minus permuta- 
tion.^ Then, if the string coupling constant g goes to infinity the string sigma-model 
becomes free, and the ZF creation operators become the usual creation operators 
and just commute or anti-commute depending on the statistics, and, therefore, in 
this limit the S-matrix must be equal to the graded unity. 

The S-matrix satisfying the invariance conditions ( |4.10| ) and ([4.11|) can be easily 
found up to an overall scalar factor, and its explicit form is given in Appendix ^.2|, 



eq.(Kl 



4.2 Multi-particle states 

Multi-particle states created by Aj^^(p) are correspondingly identified with the tensor 
product of fundamental representations of su{2\2)h,c 

\A\,^ (Pl) ■ ■ ■ Al^iPn)) ~ V{pi, Cl) ® ■ ■ ■ ® V{pn, Cn) , (4.25) 

equipped with the canonical action of the symmetry generators in the tensor product, 
and the parameters Cfc have to satisfy the following identity 



gj(piH \-pn) 



1 = EC^(^'''-1)- (4.26) 



k=l 



■^Due to the definition of tlie S-matrix we are using, if pi — p2 it is the minus permutation but 
not the graded permutation. 
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In general, there are many different solutions to this equation. In our case, however, 
the choice of (k is fixed by the commutation relations ( p.l3|) and ( [4.8|) . One can 
easily see that the only solution compatible with (|2.13| ) is 



Ci = e 



j(p2H hPn) 



C2 = e 



«(P3H f-Pn) 



.., Cn-i = e^^", Cn = l. (4.27) 



On the other hand the only solution compatible with (|2.14|) and ( [4. 91) is 



C2 = e^^^ , . . . , Cn-i = e 



«(PlH hPn-2) 



) Cn 6 



«(piH l-p7i-i) 



(4.28) 



The multi-particle S-matrix just maps the vector space with the first choice of Cfc 
to the (isomorphic) space with the second choice of (k- For generic values of the 
parameters ipi the factorizability condition for the S-matrix appears to be equivalent 
to a version of the YB equation which follows from a twisted Zamolodchikov algebra. 
The string theory choice (pi = is singled out because the corresponding string S- 
matrix satisfies the usual YB equation, and, therefore, can be used to construct the 
usual ZF algebra. 



5. The Zamolodchikov- Faddeev algebra and the twisting 
5.1 The Zamolodchikov- Faddeev algebra 

The Zamolodchikov-Faddeev algebra for strings in AdSs x involves creation and 
annihilation operators which carry two indices M and M corresponding to the two 
centrally-extended 5u(2|2) subalgebras in the symmetry algebra of the light-cone 
string theory. In what follows we use the indices i,j,k,... to denote the pairs of 
indices (M, M), (A^, N), and use the notations from Appendix 

The AdS5 x string S-matrix that describes the scattering of two-particle states 
is a tensor product of two su(2|2) S-matrices 

5^(P1,P2) = 5™4(pi,p2) = 5,^^(pi,P2)4i^(pi,P2) . (5.1) 

Here the su(2|2) invariant S-matrix Sf^^{pi,p2) includes the necessary scalar factor, 
see appendix ^]2| 

Smn{Pi,P2) = So{pi,P2)Sft%{pi,p2) , (5.2) 

and we use the canonical S-matrix corresponding to the string symmetric choice Lpi = 
0, because only under this choice of the parameters (up to trivial transformations) 
the S-matrix satisfies the normal YB equation. 

Let us stress that even though the S-matrix is the tensor product the ZF algebra 
can be formulated only in terms of the two- index operators Aj^^^-^(p) and A^'^'^^^p) 
because it contains their commutation relations. One cannot think of the creation 
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and annihilation operators as the products ^^^^^j^ip) = ^M(i^)^]\4^(^') ^'^'^ A'^^'{p) = 
Am{p)Aj^{p) with the one- index operators forming independent su(2|2) ZF algebras.^ 
The ZF algebra has the form 

= 512^2^1 , A\Al = AIa\Su , AiAl = AlS2iAi + 8^2 ■ (5.3) 

Here we use the standard matrix notations, see Appendix 1| for details, in particular 

A\A\ = J2 4ipM]{p2) ® E= , A\A\ = J2 A]iP2)Al{pi) ® E^ 

Su = Yl Sl',{puP2) El ® El , 5i2 = - P2) Y,Er®E\ 

ijkl i 

Let us now recall the consistency conditions for the ZF algebra. The first one is 
the unitarity condition for the S-matrix 

Sl2{Pl,P2)S2l{p2,Pl) =1, (5.4) 

which follows by applying the commutation relation ^1^2 ~ ^2^i'5i2 twice. Then, 
the ZF algebra should have a unique basis of the lexicographycally ordered monomials 
(i.e. it has the Poincare-Birkhoff-Witt property) and no new relations except (|5.3| ) 
arise. This requirement leads to the YB equation. By using the two different ways 
of reordering 741^42^43 to ^3^42^41, we get 

a\aIa\ = A\a\a\Si2SiA , 
A\AlAl = AlAlA\S23SnSi2 , 

and, therefore, derive the YB equation 

S23iP2,P3)<Sl3iPl,P3)<Sl2iPl,P2) = Suipi, P2)<Sl3ipi, P3)<S23iP2, P3) ■ (5.5) 

Let us mention that both the l.h.s. and r.h.s. of this equation represent the 3-particle 
scattering S-matrix, and the equation itself is the factorizability condition for the S- 
matrix. Realizing the su(2|2) invariant S-matrix ( p.7|) as a 16 x 16 matrix it is a 
straightforward exercise to check that it satisfies both the unitarity condition ( |5.4| ) 
and the YB equation ( p.5|) . 

The ZF algebra also satisfies the physical unitarity condition that follows from 
the fact that the annihilation operators are hermitian conjugate of the creation op- 
erators. To derive the condition of the physical unitarity we find instructive to use 
explicit index notations. The commutation relations for the creation operators are 
of the form 

AKpM]iP2) = A]{p2)Al{p,)S^^{p,,p2) . 

^However, all consistency conditions for the full S-matrix just follow from the same conditions 
for the su(2|2) invariant S-matrix 5^;^(pi,p2)- 
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Taking into account = we conjugate the relation above and change 

Pi P2 , i ^ 3 1 k ^ I . Then we get the following commutation relations for the 
annihilation operators 

According to our assumptions about the structure of the ZF algebra it must be equal 
to 

A\pM^iP2) = Sl]{p,,p2)A\p,)A''{p,) . 
Thus, the S-matrix must satisfy the following identity 

Sf{p2,Pl)=Sl\{p^,P2), 

which can be rewritten in the matrix form 

•SlliP2,Pl) = 5i2(pi,J92) • (5.6) 

This is the condition of the physical initarity. Taking into account the usual unitarity 
condition for S'-matrix ( p.4| ), we can write the physical unitarity condition ( p.6| ) of 
the S-matrix in the following form: 

<S''iPl,P2)S{pi,P2) = I. 

It is easy to check numerically that this condition holds for the su(2|2) invariant 
S-matrix ( |8.7| ) with ?]'s satisfying the unitary representation conditions (|3.11|) . 

An important property of the ZF algebra is that it possesses an abelian subal- 
gebra generated by the commuting operators of the form 

= j dpu{p)Al{p)A\p) , (5.7) 

where uj{p) is an arbitrary function. In particular, the world-sheet momentum P and 
the Hamiltonian H belong to this subalgebra 

dppAl{p)A\p), U = J dpH{p)Al{p)A\p), (5.8) 

where H{p) is the value of the Hamiltonian on a one-particle state with momentum 



p: H{p) = yl + 16(7^ sin^(|p). It is not difficult to check that 

I^4(p) = 4(p)(cu(p) + U (5.9) 
leading to the additivity property of the commuting integrals 

L4(pi)---4„b..)|o) = (E^^^^^)) 4bi)---4„(Pn)|o). (5.10) 

The existence of the family of the commuting integrals together with the additivity 
property of the integrals guarantees the integrability of the model. 
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5.2 Twisting the ZF algebra 

As was mentioned in the previous section, the spin chain S-matrix corresponding to 



the choice (p = in ( p.ll|) does not satisfy the usual YB equation, and therefore 
cannot be used to construct the standard ZF algebra. In this subsection we show 
that the spin chain S-matrix appears in a twisted ZF algebra of the form ( p.4|) in 
such a way which leads to a modified YB equation satisfied by the S-matrix. The 
twisted Zamolodchikov algebra with the spin chain S-matrix is equivalent to the ZF 
algebra with the string theory S-matrix because they are related by a transformation 
of the creation/annihilation operators. 



As we discussed in section \i.'2[ the parameter r] just reflects our freedom in the 



choice of the basis of a fundamental representation. On the ZF algebra level this 
freedom is implemented by the following transformation of the creation/annihilation 
operators 

A\p)-^A\p)UiP,p), A{p)^U\P,p)A{p), (5.11) 

where A^ is a row, ^4 is a column, and U is an arbitrary unitary matrix which can 
depend on the momentum p of the creation/annihilation operators, and on the world- 
sheet momentum operator P. This transformation is not an automorphism of the 
ZF algebra. It is not difficult to see that under this transformation the ZF algebra 
can be again written in the same form (|5.3|) but with the following transformed 
operator-valued S-matrix 

SUPl,P2;P) = U2{P+Pl,P2)Ui{P,Pi)Si2{pi,P2)Ul{P,p2)Ul{P+p2,Pl). (5.12) 

Obviously, the twisted ZF algebra is isomorphic to the original ZF one, and they 
describe one and the same physical system. The corresponding two-particle S-matrix 
Si2 transforms, however, in a nontrivial way 

SUPi,P2) = U2{pi,P2)Ui{0,Pi)Si2{Pl,P2)Ul{0,P2)Ul{p2,Pl) , (5.13) 

where we have taken into account that P|0) = 0. We see, therefore, that such 
a transformation allows one to introduce a number of unphysical parameters and 
spurious dependence of momenta Pi. It is clear that the transformed S-matrix 
satisfies twisted YB equation with the twist determined by the matrix U. 

To simplify the notations in the rest of this subsection we only consider the 
Zamolodchikov subalgebra with the su(2|2) invariant S-matrix generated by the cre- 
ation operators A\,j{p). The generalization to the full ZF algebra with the string 
S-matrix is straightforward. 

The transformation ( |5.11| ) can, in particular, be used to change the parameters rji 
which appear in the two-particle S-matrix. For example, it is clear from the discussion 
in section ^, see ( [4.18 ), that to obtain the spin chain S-matrix corresponding to the 
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choice of 77 with Lp = — ^, see (|3.11| ) one should consider a diagonal matrix U of the 
following form 



U{P,p) = U(P) = diag(e2^,e5^,l,l) . (5.14) 

Note, that U has no dependence on p because we do not want to produce a trivial 
momentum dependent phase for rj. To see that this transformation produces the 
desired effect we consider the corresponding change of a two-particle state 

4(pi)4(P2)|o) ^ 4(pi)^i(p2)4(p2)|o) . (5.15) 

As we discussed in section ^, the two-particle state is identified with the tensor 
product of the fundamental representations V{pi, e*^^) V{p2., 1). We see, therefore, 
that the transformation ( p.l5| ) implies a change of the basis of the vector space 
y(pi,e*^^). One can easily check that this change means a multiplication of the 
constant a in ( p.3|) by the phase e~3P2 ^nd, since = this leads to the spin chain 
choice of r]i with the phase of 771 equal to 0. There is no need to perform any change 
of the basis of the space V{p2, 1) because for this representation 952 = ^2 = 0. Finally, 
eq. ( |5.13| ) which relates the spin chain S-matrix to the canonical string S-matrix ([8] 



with = takes the following form 

^ir'^(pi,P2) = U2ipi)sfr\p,,p2)uiip2) . (5.16) 

Taking into account eq.( |5.16D , we see that the operator- valued S-matrix ( ^.121) can 
be cast in the following form 

Sir''iPi,P2; P) = Fi2(P)>Sir'^(pi,P2)Fr/(P) , (5.17) 

where F12 = U{P) ® U(P) is the twist matrix. The twisted Zamolodchikov algebra 
then takes the form 

44 = 445^f°(pi,P2;P), p4 = 4(p+pi), (5.18) 

leading to the following twisted YB equation^ for Si2^^'^{pi,P2) 

F23{pi)S23F2s\pi)S,sFu{p3)Sl2F{-2\p3) = 5x2^13 (^2) ^isi^ll' (^2) ^23 , (5.19) 

where Sij = Sfj^^^{pi,pj). Let us finally mention that, just as in the case of the usual 
ZF algebra, both the Ihs and rhs of this equation represent the 3-particle scattering 
S-matrix, and the equation itself is the factorizability condition for the S-matrix. It 
is clear, however, that it is the S-matrix satisfying the standard YB equation that 
should be considered as the canonical AdSs x S^ string S-matrix. 



^The S-matrix constructed in the gauge theory framework in jg] is an operator S-matrix because 
besides being a matrix it also operates by inserting symbols in an infinite chain of Z fields. As 
such, it satisfies the usual YB equation since the twisting is compensated by the effect produced by 
insertions. In our approach, however, we never deal with operator S-matrices. 
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6. Crossing symmetry 



It is well known that the S-matrix in relativistic quantum integrable systems satisfies 
an additional property called crossing symmetry. This relation allows one to express 
the S-matrix for the particle-antiparticle scattering via the S-matrix for scattering of 
two particles. From the point of view of the ZF algebra the crossing symmetry can 
be regarded certain algebra automorphism. 

Though our string model does not possess the relativistic invariance on the world- 
sheet, it is still reasonable to require that the corresponding ZF algebra has an 
additional invariance related to the particle-antiparticle symmetry of the theory. 
More precisely, we define the particle-to-antiparticle transformation as 

A\p) ^ B\p) = A\-p)'^{-p) , A{p) ^ B{p) = '^\-p)A^\-p) , (6.1) 

where ^(p) is a "charge-conjugation" matrix which a priori may depend on p, and 
superscript t means the usual matrix transposition. We require this map to be an 
automorphism of the ZF algebra for pi ^ P2- This means that if we first replace in 
the algebra relations A by B, and further use the formulas (|6.1|) to express B via A 



we should recover for A the same ZF algebra. Under the usual assumption pi > p2 
the delta-function does not contribute which makes it possible to map by using (|6.1j ) 
the exchange relations of A{pi) and A{p2) to that of A{pi) and A^{p2). Obviously, 
the requirement of the crossing symmetry should impose certain restrictions both on 
^{p) and on the S-matrix. 

Note that flipping the sign of p under the particle-to-antiparticle transformation 
( |6.1|) is also an immediate consequence of the fact that this map is an automorphism 
of the ZF algebra. Indeed, this change of the sign is dictated by the compatibility of 
the particle-to-antiparticle transformation with the algebra relations 

PA^ = A\P +p) , PA = A{P -p) , 

and the requirement that the symmetry algebra generators remain untouched by the 
transformation (R.ll). 



6.1 The particle-to-antiparticle transformation 

To understand the implications of crossing symmetry we first note that the exchange 
relations ([4.15|) should remain invariant under the particle-to-antiparticle transfor- 



mation ( |6.1| ), and this imposes sever restrictions on the form of From the first 



two equations in (^4.15 ) we find the following relations 



np)Lt = -Lt^{p), (6.2) 
^(p) Ri = -R^p ^(p) , 
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where we take into account that (L^)''" 
the form of up to two coefficients 

/ -ci(p) 
ci(p) 




LI, and = R%. These relat ions fix 






-C2(p) 





V C2(p) 

The last two equations in ( |4.15| ) lead to the following relations 

e^'^b)g:(-p) = -(Q:(p))'s^(p), 



(6.3) 



where we take into account that {Qa{p)V = Qaip)- These relations not only fix the 
form of ^ but also determine how the coefficients a, b, c, d of the representation (|3] 
transform under the change p —>■ —p. We find 



C2{p) h{-p) ^ 



and 



Clip) 

a{-p) a{p) _ 



e2> 



2 sin I 

v{p)v{-p) 

^i-p)-ip _ 



Cip) 



c{p) 



Kp) 



K-p) 



(6.4) 



(6.5) 



d{p) d{-p) ■ 

imply that the transformed coefficients 



It is not difficult to see that the relations 
satisfy the condition 

a{-p)d{-p) - b{-p)c{-p) = 1 , 

and, therefore, they define a fundamental representation of the centrally-extended 
su(2|2). This is the antiparticle representation, and one can read off the values of its 
central charges 

H{-p) = -Hip), C(-p) = -C(p)e-^^ C{-p) = -C{p)e'P . 

In fact, it is straightforward to show that the relations ( |6.5|) give the following trans- 
formation law for the coefficients and ( under the particle-to-antiparticle trans- 



formation ( 3.1 



X 



-P) 



x^ijp) 



a-p) = cip) ■ 



(6.6) 



Taking into account that for the unitary representation with the symmetric string 
theory choice r){p) = Vix~ — ix^y/Q, we simply get 



C2{p) 
Clip) 



sm ■■ 



sm 



2 p 



-i sign(p) 



(6.7) 
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i.e the ratio of the coefficients of the charge conjugation matrix is (almost) momentum 
independent. Note that the map ( |6.1|) reflects the fact that su(2|2) has the structure 
of the Z4-graded Lie algebra. Without loss of generality we can require the coefficient 
Cx to be independent on p and satisfy CiCi = 1. Then the matrix ^ takes the form 

^b)=f? (6.8) 



— i sign(p) 

where a"2 is the Pauli matrix. Obviously, successive application of the map (|6.1| ) four 
times gives the identity. This is nothing else as a reflection of the fact that su(2|2) 



admits a structure of the Z4-graded Lie superalgebra, see e.g. 



6.2 Crossing symmetry condition 

As was discussed in section 4.3, the S-matrix appears to be uniquely determined 
by symmetries up to a scalar factor which we call 150(^1,^2)- A possible functional 
form of 5*0(^1, P2) is restricted by unitarity together with the requirement of crossing 
symmetry We therefore write the S-matrix obeying the condition of crossing 
symmetry in the form 

5l2(pi,P2) = So{pi,P2) Si2{pi,P2) , 

where Si2{pi,p2) is the S-matrix in the string basis; see appendix |8.2| . 

If we assume that pi > p2 then the map ( |6.1|) is an automorphism of the ZF 
algebra provided the matrix i5i2(pi,P2) obeys the following equations 

^,-\-p,)S%{p,,p2Wi{-pi)Si2{-pi,P2) =1, (6.9) 

%^\-P2)Si\{p2,Pl)%i-p2)S2l{-p2,Pl) =1. 

Here ti and ^2 niean the transposition in the ffist and second space, respectively, 
^i = '^®I,^2 = I®^ and ^ is the charge conjugation matrix ( |678D . These two 
equations are in fact equivalent because the ffist one turns into the second one after 
applying the permutation and exchanging pi and p2- 



Substituting here the string S-matrix from appendix S.2 we indeed find that 



relations (|6.9| ) produce the following equation for the scalar factor 

So{-pl,P2)So{pi,P2) = -JT-^ T , (6.10) 

j{Pl,P2) 

where the function / was introduced in 



f{Pl,P2) = (- . (6.11) 



Xo I I X -\ Xry 
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Equation ( |6.11| ) is precisely the same as the one found by Janik 0. However, in 
opposite to 0, our derivation does not refer to the su(l|2) invariant S-matrix, rather 
we use the su(2|2) S-matrix in the string basis. Moreover, since is the usual 
charge conjugation matrix, the crossing equation ( |6.9|) has the usual form known 
in relativistic models. Also, to derive the crossing equation we did not make any 
reference to a Hopf algebra structure of the symmetry algebra. 

Finally, we remark that the crossing equation for the scalar factor is incompatible 
with the assumption that the S-matrix is an analytical function of pi,p2- This is 
reflected by the fact that the function f{pi,P2) obeys the following properties 

f{P2,Pi)f{-pi,P2) = 1 , f{P2,Pi)f{pi, -P2) = 1 , 

which are incompatible with the assumption of both unitarity and analyticity. 

In conclusion, we see that in the string basis the S-matrix not only satisfies the 
usual Yang-Baxter equation but it also admits a scalar factor which allows for the 
standard crossing symmetry condition. 



7. Comparison with the near plane-wave S-matrix 



In this section we compare the string theory S-matrix we used to define the ZF algebra 
to the S-matrix arising in the near plane- wave limit of string theory on AdSs x S^. 
The later was recently computed in |^0[| by reading off the quartic interaction vertices 
of the string Lagrangian |^3| obtained in the generalized uniform light-cone gauge^ 



As the result, the corresponding S-matrix, §k;mrz^ appears to have an 
explicit dependence on the gauge-fixing parameter a,^ and it is written as^ 



where T is a 16 x 16- matrix (see appendix |8.5| ). It depends on ten non-trivial coef- 
ficients A, ■ ■ ■ , L which are functions of the momenta pi and p2- According to 



^See p^-p^ on an extensive work concerning the construction of the string Hamiltonian and 
finding near plane-wave corrections to energies of the plane-wave states. 

^This parameter labeling different light-cone gauge choices should not be confused with param- 
eter a in the fundamental representation. 

^It is sufficient to compare only the su(2|2) invariant S-matrices. 
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these coefficients read as 
A = 



B 

C 
D 
G 



-E 



1 - 2a)(e(p2)pi 
P1P2 



iPi)P2 



(Pi - P2) 



iP2)pi - e(pi)p2 



e(P2)Pi - e(pi)p2 



2 e(P2)pi - e(pi)P2 



(1 - 2a)(e(p2)pi - e(pi)p2) 
(1 - 2a)(e(p2)pi - e(pi)p2) 



(Pi - P2y 



e(P2)pi - e(pi)p2 

pI-pI 



H = K 



1 



P1P2 



4P2)Pi - 4pi)P2- 
e{pi) + l){e{p2) + 1) -P1P2 



2 e(p2)Pi - e(pi)p2 v^(e(pi) + l)(e(p2) + 1) 
1 - 2a)(e(p2)Pi - e(Pi)P2) 



P? -P2 



^(P2)Pi - e{pi)p2 



Here e(p) = a/1 + p^ is the relativistic energy. To make a comparison of our string 
S-matrix S{pi,p2) with that of I^O] we recall that the string theory choice of the 
parameters 7/1^2 and r^i 2 in ( ^.71) is 



where ri{p) = a/ (p) — ix^ (p) . Then, we also have to multiply the S-matrix in 
( ^.7| ) by the scalar factor ( p.9| ) which encodes the dynamical information and the 
gauge dependence on the parameter a. This gives us the string S-matrix we should 
compare with §kmrz 



Sl2{pi,P2) = So{pi,P2)Sl2{pi,P2) 



(7.1) 



The near plane-wave expansion of the string S-matrix is constructed by rescaling the 
momenta as p — > ^p and keeping in the expansion of S{pi,p2) around A = 00 the 
ffist two leading terms. 

One can check that in the limit A ^ 00 the matrix S{pi,p2) tends to the graded 
identity in accord with the discussion in section 2. On the other hand, §kmrz gQgg 
to the identity in this limit. The reason for this discrepancy is in the different 
conventions used in ||30| and this paper. Analyzing the definitions, one can see that 
the S-matrices should be related as follows 



§™'(P1,P2)=PP(5(P1,P2) 



10 



The coefficient L presented here coincides with the one in the revised version of [pO| 
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where P and V are the permutation and graded permutation matrices respectively; 
the product VP is the graded identity. We then find the perfect agreement between 
these S-matrices. 

In 1 30] the S-matrix §^^^^(^1,^2) was compared to the near plane- wave expan- 



sion of the S-matrix found by Beisert . Upon a proper choice of the dressing factor 
the S-matrices appear to agree up to terms linear in momenta; this difference was 
attributed to the difference in the definition of the spin chain and string lengths 
arising from world-sheet excitations. In our present discussion we never refered to 
the gauge theory and we found a complete agreement between the S-matrix derived 
from symmetry principles and the one computed from the near plane-wave string La- 
grangian. We note that it is the proper choice of ?7's in S{pi,p2) which is ultimately 
responsible for this agreement. 

We conclude this section by mentioning the relation of the spin chain S-matrix 
S"^*^^™(pi,P2) (see appendix with that of Beisert S^{pi,p2). Choosing fji = r]i 
and fj2 = r]2 in (^.7|) , the relation is as follows 



pvsfr{P2.Pi)v = sUpi.P2)- 
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8. Appendix 
8.1 Notations 

Throughout the paper we use the standard notations. The indices M and M run 
from 1 to 4, and the index z is a collective index to denote a set {M, M}. Then we 
introduce rows e*^ , e*'^ , i?* and columns cm , &m ' 

e^ = (0,...,lM,...,0), eM = (e^)^ e"" ■ cm = 5^ (8.1) 

= E^'""' = e^' ® , = E^^^ = cm ® , (8.2) 
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and matrix unities 

eM = ® , El = Ek®E\ (8.3) 

Note that E^E] = 5^E' , E^Ek = d^Ej , E)E^ = d'^Ef. They are used to form 
columns and rows from the creation and annihilation operators, and matrices from 
the S-matrix, and symmetry algebra structure constants, e.g. 

A^ = J24ip)E\ A = Y^A\p)E,, S,, = Y,Sf^{p,,p2)El®El. (8.4) 

i i ijkl 

We also define the following matrix delta-function 

(^I2 = 5(pi-P2)5^^.®^\ (8.5) 

i 

and use the following convention 

44 = 4ip,)4{p2) K ® E^ , 44 = 4{P2)4{pi) e' ® e^ . (s.e) 

id id 

Finally, if A, B,C are either columns or rows with operator entries then in the 
notation A1B2C3 the subscripts 1,2,3 refer to the location of the columns and 
row, e.g. if A = A'ips) E^ , B = Bi{pi)E' , C = Ci{p2)E\ then = 
A\p^)Bk{pi)Cj{p2)Ei ® E^ ® EK 

8.2 S-matrix 



Up to a scalar factor the invariant S-matrix satisfying eqs.( [4.10"D , ( [4.11| ) can be written 
in the following form 

S{puP2) = ^—^'^i El ® E\ + El ® El + E\ ® El + El ® E\) 
X2 — Xi r]irj2 V / 

^ (xr - xt){x2 - xt){x2 +xt) / ^1 ^ ^2 ^ £,2 ^ ^1 _ ^2 ^ ^1 _ ^1 ^ 

[Xi — a;J)(xjX2 —XIX2) ??i?72 ^ ' 

- (eI ^El + Ej(g)Et + El (g)Et + Et(g) Sf) 

^ - Xt)ix2 - Xt)ix^^+xt) ^ ^4 ^ ^4 ^ £,3 _ ^4 ^ £,3 _ £;3 ^ ^4 

(■^1 ^^2 /V-^l -^2 ^1 ^2 ) 

^'■P-(eI (g)El + El (g)Et + El (g)El+ El (g> El 



+ 



X2 — x-^ rji 



+ (£^| «) £^1 + ^4 «) £^1^ + £^1 «) £^2^ + £^1 ® £^2^ 



Ef (g> El + El (g) Ef ~ E^ (g> Ef - Ef (g) El 



Xi - X2 112 

^ (^1 ^ ^]^)(^2 ~ -^2^) (-^1^ ~ -^2^) 

(a^r - a;J)(l - X^X2)filfi2 
^ ^X^X2_ix^t- 4)mV2 /^2 ^ ^1 ^ ^1 ^ j,2 _ ^2 ^ ^1 _ ^ ^2 

^1 ^2 [Xi X2 )(^ X-j^ X2 ) ^ 

El ® El +Et® El + El ® El + El ® 
Xi - X2 rii ^ ' 

^^l—^ "^(eI® El + El ® El + El ® El + El ® El) (8.7) 
Xi — X2 ri2 ^ ' 
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Here 7]i depend on the momenta pi and the parameters ^j, and for unitary repre- 
sentations they are given by 77 = \/ix~ — ix~^ e^^^~^'^\ In particular, for the string 
symmetric choice all ipi = 0, and rji are equal to 

String basis: r]i = r]{pi)ei'''^ , 772 = Tl{p2) , 771 = ?7(pi) , 7)2 = 'n{p2)e^^^ , 

where rj{j)) = \Jix~{j)) — ix+{p). For the spin chain choice we have 

Spin chain basis: 771 = 77(7)1) , 772 = 77(7)2) , Vi = viPi) > V2 = v{P2) ■ 

The string theory, 5''^*''™^, and spin chain, 5'^'^'^™, S-matrices are related as follows 

Sir''iPi,P2) = U2{pi)STr'iPi,P2)uKp2) , U{p) = diag(e5P, e^^ 1, 1) . (8.8) 

Since the string theory S-matrix satisfies the usual YB equation, the spin chain 
S-matrix obeys the twisted YB equation with the twist determined by U{j>). 

Let us now summarize the characteristic properties of the string S-matrix. Sub- 
stituting in the supersymmetry generators J(p, C, il) the corresponding values of C, and 
77 from the string basis we see that the invariance condition for the string S-matrix 
takes the form 

'5(75i,p2)(j(pi)®etf^ + S® J(792)) = (j(7)i)®S + eif^® J(p2))5(pi,P2), 

where J{p) are the supersymmetry generators {Q^} with ^ = (/? = 0, cf. eq. (|3.11|) . 
From the explicit formula for the S-matrix we see that it depends not only on x^ (p) 
but also on the exponential factors e^^. While x"^ are periodic functions of p with 
the period 27r the exponential factors are not. As the result, the string S-matrix is 
not periodic under the shift p ^ p + 27r, rather it exhibits the following monodromy 
properties 

Sl2{Pl,P2 + 27r) = -5'i2(pi,P2)Si , 
SuiPl + 271, P2) = -T.2Si2{pi,P2) , 

where Si = S I and S2 = I ® S. The compatibility of these equations with the 
invariance condition is guaranteed by the fact that all supersymmetry generators J 
obey the relation {S, J} = 0. Finally, we note that under the shift by 27r any of the 
three momenta pi,p2,P3 entering the Yang-Baxter equation, this equation turns into 
itself because the S-matrix enjoys the following special property 

[5i2(pi,P2),S®S] = 0. 

To describe the AdSs x light-cone string theory the S-matrix (^.7|) has to be 
multiplied by the scalar factor, 5*0 (7)1,7)2), of the following form [|l3l 

5-0(7)1,7)2)2 = % ^ ^ e^'^P^'P^^ eia{p,e,~p,e,) _ 

^1 ^2 + 

■^1 -^2 
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Here the gauge- independent dressing phase 0{pi,p2) @] is a two-form on the vector 
space of conserved charges qn{p) 

oo oo 

(A) {qr{pi)qr+ l+2n (P2) -qr{p2)q r+l+2n 

r=2 n=0 



and a is the parameter of the generahzed hght-cone gauge p4|, and = H{pi) is the 
energy of a one-particle state. The gauge-dependent factor solves the homogeneous 
crossing equation . 

The canonical su(2|2)^ invariant S-matrix is the following tensor product 

S{P1,P2) = So{pi,P2)' S{p,,p2) ® S{puP2) . (8.10) 

In the limit pi = p2 the matrix 5*12(^1,^2) turns into — P12, where P12 is the permuta- 
tion, and the scalar factor 5*0(^1,^2)^ becomes —1. Thus, the full S-matrix becomes 
in this limit the minus permutation. 

8.3 Symmetries from the Yang-Baxter equation 

In this section we explain how the knowledge of the S-matrix satisfying the Yang- 
Baxter equation allows one to reconstruct the corresponding representation of the 
symmetry algebra which, in the present case, is the centrally extended su{2\2)h,c- 
In our exposition we closely follow the general discussion due to Bernard and Leclair 
[0 which is also aimed to reveal the higher non-local symmetries of the S-matrix. 

Let us introduce an associative algebra generated by the symbols Tij{p, n), where 
i,j = 1, . . . , 4, modulo the following relations 

5'l2(pi,P2)Ti(pi,^)T2(p2,/i) = T2(p2,/U)Ti(pi,/i)S'(pi,P2) • (8.11) 

Here the matrix spaces 1 and 2 are considered as auxiliary ones and we use the 
notation Ti = T Cg) I and T2 = I ® T. The variable is a (spectral) parameter of the 
representation. The absence of cubic and higher order relations between the algebra 
generators is guaranteed by the Yang-Baxter equation for the S-matrix. A particular 
4-dimensional representation of this algebra is provided by the S-matrix itself: 

Ti(pi,/i) = S'i3(j9i,p3) with P3 = /i- 

Upon expanding around a special point in the spectral parameter plane the algebra 



( p.ll|) is expected to produce the generators of both the local and non-local symme- 
tries of the theory. In our model the only distinguished point corresponds to ps = 0. 
Thus, we have to understand the expansion of the Yang-Baxter equation around 

P3 = 0. 
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Since the relation (3/?) is quadratic in x"*" and x , for x^ as functions of p we 
find two different solutions. In the limit p — the first solution expands as 

1 . « / 1 



x^ = -±-+[g-—)p+--- , (8.12) 
gp 2g V 12^/ 

while the second one yields 

x^ = -gpT'-I^P^ + --- (8.13) 

In what follows we pick up the first solution because, in opposite to the second 
one, this solution implies that in the limit p the variable r] = ^ is real for a 
positive value of the coupling constant g, i.e. that the corresponding representation of 
su(2|2) is unitary. Thus, taking into account eg. ( p.l2| ) the canonical su(2|2)-S-matrix 
simplifies in the limit p2 ^ to 

Si2{p, 0) = e-5P I ® {El + El) + S ® (^3^ ^ _ 

If we put in the last formula p = then the corresponding S-matrix turns into the 
graded unity. It is interesting to note that if we would take the limit pi = P2 = P first 
and then p = we would obtain a different result which is the minus permutation. 
Thus, the order in which the limits are taken matters. 

Consider now the Yang-Baxter equation 

Sl2iPuP2)Si3iPuP3)S23iP2,P3) = 5'23 (p2 , P3)5'l3(Pl , P3)5'l2 (Pl , P2) 

and expand it in power series around the special point p^ = 0. The leading term of 
this expansion produces an equation 

Sl2{pi,P2)Sl3{pi,0)S23{p2,0) = S23{p2,0)Si3{pi,0)Si2iPl,P2) 

which is obviously satisfied because it is the Yang-Baxter equation considered for 
the fixed value of p3. Next, we take the subleading equation, multiply its both sides 
from the left by 5*13^ 5*23^ and make use of the Yang-Baxter equation. This gives the 
following relation 

312(^823 Sy^ 03313823 + S23 03823^ = (^81-^03813 + 81^823 83823813^812 , (8.14) 
where we used the shorthand notation 

_ d8i3{pi,P3) 

O3O13 = p3=0 

dp3 

and analogously for 83823- Equation (|8.14]) involves three matrix spaces. We project 
out the third space by multiplying both sides with a constant matrix T living in the 
third space and take the matrix trace over the third space. We get 



8 



12 



T:T3{823 8^3'd38rs823r3)+l(S)Tr3{823'd3823r3) = (8.15) 



Tr3 {8^^d38,3r3) ® I + Tr3 {8^3'823 d38238^3r3) 



8 



12 
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The derivative of the S-matrix entering the last equation can be easily found if one 
takes into account the formulae 

dx^ ix^'^il — x^^) drj 1 + x~ _^ 

dp (2;+ — + ' dp 27/ 1 + x+x^ ' 



where r] = y/ix~ — ix^. Evaluating ( p.l5| ) one finds that this equation is equivalent 
to the invariance condition ( [4.10| ) for the set of bosonic generators provided one 
makes a proper choice for the matrix T: 

L'^^tEt, a^b, a,b=l,2; R^^ ^ -tE^^ , a^(3, a,/? = 3,4; 



L\ = -Ll ^ UeI - El) , Rl = -Rl ^ -UeI - e: 



4y 



2' i 1 z 2' 

Also, the Hamiltonian H is generated by T = «E. 

Now we would like to rederive the invarince condition ( [4.11| ) involving the super- 
symmetry generators. To this end we recall that S12 commutes with S1S2 so that 
we can rewrite equation ( |8.14| ) in the form 



'S'12 (^5'23^S';^3^(935'i3S'23SlS2 + T,iS2^ d^S2'i^'2 

— (^'S']^3^'93S'i3SiS2 + 5']^3^5'23^53S'23S'i3SiS2^ iS'12 • 

Again we project out the third space in the last equation by multiplying both sides 
with a constant matrix T3 and taking the trace over the third space: 



S 



12 



S 



12 



TT^{S^iS^id-AS2z^^)^^^2 + S ® Tr3 (52-3^93^23X3) E2 

= Tr3 (51-3^93^13X3) Si ® S + Tr3(5r3i52-3^ 93523513X3) S1S2 

One can see that the last equation indeed reduces to 

'5i2(g^bi) ® e^P^ + S ® Ql{p2)) = {Qlipi) ® S + e'^^' ® Q^(P2))5i2 

provided one makes the following choice of T: ^ where a = 1,2 and 

a = 3, 4. Analogously, Q]^ zi?". Thus, we have shown that the symmetry algebra 
su{2\2)h,c (more precisely, its fundamental representation) arises upon expansion of 
the S-matrix around the special point p = 0. 

One can expand the Yang-Baxter equation further and find the fundamental 
representation for the higher (non-local) symmetries commuting with the S-matrix. 
We will not proceed with this expansion because, as it is clear from the our con- 
struction, the form of the S-matrix is fixed uniquely up to a scalar phase from the 
requirement of the su(2|2)//^c'-symmetry, and the additional nonlocal symmetries (in 
the fundamental representation) do not seem to lead to any additional equations for 
the scalar phase. 
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8.4 Hopf algebra interpretation 

In this appendix we discuss a Hopf algebra interpretation of the S-matrix invariance 
condition ( [4.11|) . The form of the comultiplication depends on the choice of the basis 
of the fundamental representation, and we restrict our attention to the symmetric 
string theory basis. 

Fist of all, we stress that to define a nontrivial co-product one should consider 
not the centrally-extended super-Lie algebra su{2\2)h,c but a unitary graded as- 
sociative algebra A generated by the even rotation generators L^'' , R^^, the odd 
supersymmetry generators Qa", Q^" and two central elements H and P subject to 
the algebra relations (|3.1|) with the central elements C and expressed through 



the world-sheet momentum P as follows 

C = ig {e'^ - id) , = -ig {e-'^ - id) . (8.17) 

Then the comultiplication can be defined on the generators as follows 

A (J) = J ® id + id ® J for any even generator , 
A(Qa") = Qa" ® ^ id ® , (8.18) 
A(Ql") = Ql" ® e-*P/2 + id ® Ql" . 

Here we use the graded tensor product, that is for any algebra elements a, b, c, d 

{a®h){c(S>d) = (-l)^(^)^(^)(ac® ferf), 

where e(a) = if a is an even element, and e{b) = — 1 if a is an odd element of 
the algebra A. These comultiplication rules are equivalent (up to a twist and some 
redefinitions of the supersymmetry generators and the central elements C and C^) 



to the ones discussed in ||3J. In addition to the co-product, we also use the standard 



definitions of unit and co-unit. 

Let us show that the comultiplication agrees with the form of the two-particle 
structure constants appearing in ( |4.11| ). Let V be the fundamental representation of 
the algebra A. Obviously, it is isomorphic to the representation V{p, 1) of 5u{2\2)h,c- 
The vector space V has a natural grading. The action of, say, the supersymmetry 
generators Qq," on the tensor product V ®V is given by the comultiplication ( p.l^ ) 

A(Qa") ■ Cm ® e^v = (Qa" ® e*P/2 ^ ^ g^a^ . ^ ^g^^g^ 
= Qa" ■ Cm ® e'^/^ ■ e^v + S ■ Cm ® Qa" ■ e^v • 

Now one can recognize that the two-particle representation coincides with the one 



appearing on the l.h.s. of (|4.11 
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We would like to thank J. Plefka and F. Spill for an interesting discussion of the subject. 
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The antipode can be easily found by using ( 8.18 ). For any even generator in- 
cluding H and P it acts as 

S{J) = -J, 

while on supersymmetry generators it is defined as 

Finally, let us mention that the ZF algebra does not have a Hopf algebra structure. 
8.5 The twisted Yang-Baxter equation 

In this appendix we derive the most general form of the twisted YB equation. 

Every fundamental representation V is parametrized by momentum p and the 
label C (and rj which will not be always shown explicitly in the consideration below) 
which may be p-dependent. The invariant S"- matrix is defined as 

^12^1, Ci;P2, C2) : v{pi,Ci) ® Vip2, C2) ^ vipiXi) ® V{p2, C2) , 

where the vector spaces V are considered as columns. Then, we must require the two 
tensor product spaces V^(pi,Ci) ® V{p2X2) and VipiXi) ® ^(P2!C2) be isomorphic 
to each other and carry the same representation of the centrally extended su(2|2). 
This implies that both spaces must have the same values of the central charges and 
satisfy the shortening conditions [§]. Then, one finds 

7 ^ ...c (1 - ^^^OCi + (1 - e-^-)C2 , . 

^1 ^'e*fiCi + e^^2C2-e^(^'^+f^)(Ci + C2) ^ ' 

C = e^^^C g - ^^^OCi + (1 - e-^-)C2 

^^*PiCi + e*f2^2-e^(^i+P2)(Ci + C2) ^ ' 

In particular, we see that 

£2 _ e^^^Ci 
Ci e^P2(2 ■ 

The S-matrix satisfies the invariance condition (|4.11|) which in our case takes the 
following form for bosonic generators 

S12 {J{pi; Ci, ® I + 1 ® J{P2; C2, V2)) = {J{pi; Ci, ^1) ® I + 1 ® J{P2; (2, V2))Si2 , 

and for fermionic generators 

•512 {J{pi] Ci, ® I + S ® J{p2; C2, V2)) = {J{pi] Ci, r?i) ® S + I ® J{p2; C2, V2))Su , 



where E = diag(l, 1, — 1, — 1) takes into account the fermionic statistics. These 
equations can be easily solved and lead to a unique (up to a scalar factor) solution. 
In terms of standard matrix unities this solution reads as 
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5'(pi,Ci;p2,C2 



+ 02 

+ 03 

+ 04 

+ 05 

+ ae 

+ aj 
+ as 
+ ag 
+ aw 



El (g) El + E. 
El 



El' 



El' 



El 



El' 



El' 



El 



El 
El 



El 



'El 



'El 



E'^^E-; 



'El 



'El 



El' 



E\ 
E\ 
El 



Eii 



El' 



El 



El + El 



El 



El 



El 



Ei 



El' 



E\ 



E\ + El 
El 



El' 



E\ ~ E\ 



El 



El 



El + El . 



^El 



^Et 



El 



El' 



e; 



E: 



El+E. 



' El + Ej 



El 
El 



E 



El' 



where the coefficients found to be 



El 



El 



El 
Et 



Et 



El 
Et 



El 



El (g) El + El (g) El + E^ (g) El 



(^El g) El + El g)El + Elg)El + Elg) E^'^ 



(8.22) 



ai 



02 



03 



04 = 



05 



ae 



07 



(xtCi - x^C2){x2xl;Ci + x^x^<:;2 - a:r^2'(Ci + C2))mm 
(x^Ci - 2:^(2) {x2xl;c,i + xix^C2 - xl;x^{Ci + c,2))mm ' 

(a^r - x'l) {x2 ~ xi^) (xj^Ci + xtC2) [x'lx^Ci - x^ xi^ Cl)-qii-i2 



{x2 Ci - C2) {x2 xtCi + x^ xtC,2 - a;+a;J(Ci + C2))^f?i??2 
-1, 

{xt - xl){x2 - x+) (x^Ci + x^C,2) {x^xtCl - x:[xtCl) 

[x^Ci - a;rC2)(a;2"a;^Ci +x^x'^C2 -x^a;^(Ci + C2)) (a;^a;^ Ci +XiX^C,2 -xl;x^{Ci + C2)) ' 

^2 ^ ]^ 1 I '^2 "^1 *^ 1 "^2 ) ^1 -3^]^ "^2 ' "^2 ^ i^j-i^ I )^2^^1 

(xj^Ci - a;rC2) {x2xtC,i + a;r2;JC2 - a;^xJ(Ci + (2))??! 
Ci{x2 x^{x-^ — X2 — xl^ + X2)Ci + (2^1 X2 xl^ + x^ X2 — x-^ X2X2 



xi x'lx'^)C2)m 



{x2 Ci - C2) {x2 xl;Ci + 2;+C2 - x+x+iCi + C,2))m 



^ ^3/^ "^2 ]^ I 2 ]^ "^2 



X\ X~^X2 ) {x2 X-y 



^Cl)CiC2 



Xi X2 {x2 Ci - a^i C2)(a;2 x^^Ci +2^1 a^JC2 - ^^^^^^(Ci +C2))^?7i?72 



2^1 (a;^ — X2 — xl^ + X2) {x2 xl^Ci — x-^ a;2^C2)'7i'72 



{x2 Ci - C2)(a:2 x^Ci + x^ 2:^(2 - 2;i X2 (Ci + C2))(2;2 2;fCi +Xi 2:^(2 - 2;^2;^(Ci +C2)) ' 
(2^1" — ) (2:2 2;]^Ci ~ Xj^ 2;^C2)'72 



(2:2 Ci - x^ C2) (2;2 2;j^Ci + 2^1 2;+C2 - 2;+a;+(Ci + C2))?7'i 

(2^2^ — X2 ) (2:2 x^d^f — Xj^ xl^(^l'^rii 
{x2(i - 2;j;C2) (a;2"a;^"Ci + 2;r2:;l"C2 - x+x+{(i + C2))?72 



If Ci 



= 1 then the S-matrix coincides with 



To derive the twisted YB equation for the S-matrix we start from the sequence 
of three spaces as 

^(Pl,Cl)®V^b2,C2)®V^(p3,C3)- 
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We would like to bring it to the form V{pi, d) ® V{p2, (2) ® ^{ps, C3) by permuting 
the spaces with the help of the S'-matrix. This can be done it two different ways. 
The first way is to perform the following three successive operations 

Si2{PiXi;P2X2) : vip,,Ci)®v{p2,C2)®v{psX3) v{p,xi)®v{p2X'2)®viP3X3) 

^13bl,C?;P3,C3) : V{puCi)0Vip2,C2)®VipsX3) ^ nPl,C/)®nP2,C2)®^(p3,C3) 
^23^2, a ^3,2) ■ Vip,Z')0Vip2,C'2)®V{ps,C3) ^ ^Pl , C/) ® , C2') ® V^(P3 , C3') 

Here to find expressions for and we need to use the formulas ( ^.201 ) and (|8.21| ). 
Thus we have applied the following scattering operator 

S23{P2, 2; P3, C3)Sl3{pi,Ci; P3, C3)Si2{pi, 0; P2, C2) 

and ended up with the space 

V{P1,C/) ®Vip2,C2) ^vipsXs') 

The second way to achieve the same final space is to perform another three successive 
operations 

^23b2,C2;P3,C3) : V{p^,(l)®V{p2,C2)^V{p3X3) ^Pl , Cl) ® , C2 ) ® ^^fe , C3 ) 

Si3{pi,Ci;P3,C3) : v{p,Xi)®v{p2X2)®v{p3,c;) - v{p,,ci)®v{p2,C2)®v{p3X,l 
Si2{pi,Cl;P2,C2) : v{p^,Ci)(»v{p2,C2)®v{p3Zl ^ v{p^Zl®v{p2,C2l®v{p3X,' 

Remarkably, C/ = C/; therefore in both cases we ended up with the same space. 
Thus, the exact form of the twisted Yang-Baxter equation is 

^23(P2, C2; P3, 2)^13^1, Cf; P3, C3)S12{PU d; P2, (2) = (8.23) 

= SuiPl, CI; P2, C2)'5i3bi, Ci; P3, Q)S23{p2, C2; P3, C3) • 

If we choose the parameters Q as follows 

C3 = l, C2 = e''\ ^^ = ^^iP2+P^)^ 

and the string theory choice of the parameters r/j then the twisted YB equation ( ^.23| ) 
becomes the usual one. If we choose the spin chain parameters rji then we reproduce 
the twisted YB equation ( ^.19| ). 

We conclude this appendix by noting that sometimes it is convenient to visualize 
the S-matrix as an explicit 16 x 16 matrix 
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•S'(pi,Ci;p2,C2) 
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ai + 02 
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u 
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as 
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n 
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u 
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u 



























ae 
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-as 
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as + a4 








— a4 
















aio 
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aio 
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ag 








-ag 




















— a4 








ag + a4 
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as 



In section 5 the coefficients A, . . . , L were introduced to make a comparison with the 
near plane- wave S-matrix S™^^ computed in |3^. These coefficients are expressed 
via the coefficients above as follows 



A = Oi + a2 , B = — a2 , C = — ag , D = 03 + 04 , E = —04 
F = —a-j , G = 05 , H = ttio , K = Og , L = ae . 



(8.24) 



Finally, we note that the permutation matrix P corresponds to the choice 

Q,\ = (X3 = Gg = Ci\Q — 1 , Ob2 ~ ~ — 1 5 '^5 ~ '^6 ~ '^7 ~ '-^8 ~ i 

while the graded permutation V is given by 

ai = 04 = Og = aio = 1 ) 02 = as = — 1 , as = ag = a/ = ag = . 
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